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Abstract
We examine geodesics for scalar-tensor black holes in the Horndeski-Galileon non-minimal kinetic
coupling framework. Our analysis shows that bound orbits may not be present within some model
parameters range. Using the observational data we pose bounds on the solution parameter values,
as well as model parameters.
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I. INTRODUCTION
Recent observations indicate that GR might indeed be modified at cosmological distances:
our Universe experiences an accelerating phase of expansion [1]. A possible interpretation of
this expansion in terms of General Relativity (GR) states that about 70% of the total energy
of our Universe is attributed to the dark energy with large and negative pressure, for which
the cosmological constant Λ is considered as the best fit nowadays (see [2] for a comprehensive
review on dark energy or [3] for a brief one). However the recent result of [1], stating that
the equation of state parameter for the dark energy is wDE0 = −1.17(+0.13 − 0.12) for
the flat Universe at the 68% C.L., disagrees with purely cosmological constant dark energy
wDEΛ = −1. This may be considered as an indication of the dynamical (at least in part)
dark energy. In any case the origin of the late-time acceleration remains unknown.
Scalar-tensor gravity is a widely accepted alternative to the General Relativity. The most
general scalar-tensor action resulting in the second order field equations was proposed by
Horndeski [4]. The same result was rediscovered by studying the covariant Galileons [5, 6], a
ghost free scalar effective field theory containing higher derivative terms that are protected
by the Galileon shift symmetry. The action for the Horndeski/Galileons scalar-tensor model
reads
S =
∫
dx4
√−g (ζR− η (∂φ)2 + βGµν∂µφ∂νφ− 2Λ) , (1)
here Gµν is the Einstein tensor, φ is the scalar field, ζ > 0, η and β are model parameters.
Though the Horndeski non-trivial kinetic coupling sector is not exhausted by this action
we will restrict our consideration to the action above, since most of the static spherically
symmetric solutions we are about to consider relate to this framework[7]. The model (1) is
known to admit a rich spectrum of cosmological solutions (see [8] and references therein) de-
scribing the late-time acceleration and the inflationary phase. Moreover, for η 6= 0 it admits
solutions for which the Λ-term is totally screened, while the metric is not flat but rather
de Sitter with the Hubble rate proportional to η/β. It offers an exciting opportunity to
describe the late time cosmic self-acceleration while screening the vacuum Λ-term and hence
circumventing the cosmological constant problem. Paper [9] shows that purely kinetic cou-
pled gravity is inconsistent with the constraint from the gravitational Cherenkov radiation
for any theoretically allowed parameter β. Introducing Λ in the action (1) (dividing the dark
energy into different-behaving components) is a way to relax this inconsistency. Henceforth
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it would be interesting to pursue the study of the solutions of (1) at the astrophysical and
solar system scale, which implies static and spherically symmetric solutions.
This model can be integrated completely in the static and spherically symmetric sector
[10] and numerous black hole solutions are presented in the literature. The key ingredient
of this solutions is a scalar field linear time dependence, which seems like a natural feature
on a cosmological background. Although the Vainstein screening mechanism is generally at
work in Horndeski gravity, in the case of a minimal coupling of the scalar field to matter
no screening radius can be posed. The solution, considered as a candidate to represent
astrophysical objects must then posses de Sitter asymptotics[11].
Many of the black hole solutions of (1) posses similar properties, so we try to perform
general analysis, allowing to reduce the number of viable solutions. Such a reduction meets
the needs, since in extended gravity we are usually left aside of the Birkhoff’s theorem
and forced to choose between multiple vacuum solutions. Reducing the parameter space
and hence the number of solutions available could then help to confront the theory with
observations.
An example, demonstrating that studying local spherically symmetric solutions can pro-
vide useful information on cosmological models is given in [12]. The paper implements some
PPN-based bounds on the model parameters due to the black hole-like metric for the frame-
work, initially constructed for cosmological purposes. The parameter region left does not
satisfy the purposes of the model anymore, rendering it far less attractive. Therefore, weak
field and geodesic analysis are useful tools to explore extended gravity solutions, even though
the observable effects are small or the current observations may not be sensitive enough to
distinguish extended gravity from the GR.
Any modification of GR must be consistent with astrophysical and Solar System scale
constraints, which are very stringent. The Schwarzschild solution in GR also describes the
exterior of any spherically symmetric body in the weak field limit (hence the Solar System),
and so must do it’s analog in extended gravity theory. The purpose of this paper is thus to
threat the local spherically symmetric solutions of (1) as astronomical objects and see if this
picture is in agreement with the observed one. To do so we study the test particle motion
around the compact object described by the geodesic equations. For this sake we choose the
metrics with de Sitter asymptotic behavior.
This paper is organized as follows. In section II we briefly summarize the properties of the
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black hole-like solutions for the action (1). We also introduce a new black hole-like solution
and briefly discuss it’s properties. Section III contains solution’s parameter estimates found
in the literature as well as some new ones, obtained in this paper. We proceed with analyzing
geodesic equations in section IV. Conclusions are given thereafter.
II. HORNDESKI/GALILEON BLACK HOLE
For the spherically-symmetric ansatz
ds2 = h(r)dt2 − dr
2
f(r)
− r2dΩ2 (2)
black hole solutions were found in the series of papers [13]-[17]. These solutions possess very
similar properties, all governed by the master equations:
f(r) =
(β + ηr2)h(r)
β (rh(r))′
, (3)
h(r) = −µ
r
+
1
r
∫
k(r)
(β + ηr2)
dr, (4)
φ(r) = qt+ ψ(r), (5)
where µ plays the role of the mass term and k should be derived by means of the following
constraint equation:
q2β
(
β + ηr2
)2 − (2ζβ + (2ζη − λ) r2) k + C0k 32 = 0. (6)
Here C0 is an integration constant. By introducing a mild linear dependence in the time
coordinate for the scalar field one evades the scalar field being singular for it’s derivative
on the horizon [18] and makes the field equations to bifurcate the no-hair theorem at the
same time. The shift symmetry is keeping the field equations time-independent and con-
sistent with the static ansatz. This permits asymptotically flat (or de-Sitter) solutions and
crucially gives regular scalar tensor black holes. By using different parameter combinations
the equations above can be integrated to give various solutions, among which is the stealth
de Sitter one
f(r) = h(r) = 1−
µ
r
+
η
3β
r2, (7)
q2 = (ζη + βΛ)/(βη), C0 = (ζη − βΛ)
√
β/η. (8)
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In the paper [10] the authors show that the de Sitter Schwarzschild solution is not an
isolated solution, instead, it is continuously related to a full branch of de Sitter like black
hole solutions with similar characteristics. The authors support this statement by obtaining
a solution, deviating slightly from the de Sitter one and having the form
h(r) = C − µ
r
+ Ar2 + ∆, ∆ = B
arctan(rγ)
rγ
, (9)
which is asymptotically de Sitter for A < 0. The coefficients read
A = −
η
3|β|, B =
2(1 + γ2)
ζ + y
,  << |y − 1|,
γ =
√√√√ η
|β|
ζ + y
ζ − 3y, C = 1−
2
ζ + y
, y =
Λ|β|
η
, (10)
where  is a small parameter, marking the deviation of the solution from the stealth de Sitter
one.
By examining the known solutions we see that (9) is a very common expression, joining
many particular solutions (differing by the parameters A,B,C, γ). Furthermore, many other
solutions of a kind can be easily constructed. Indeed, for the values C0 = 0 and q 6= 0 the
master equations can be integrated to give
A = 0, C =
q2η
2ζγ2
, B =
q2β
2ζ
(
1− η
βγ2
)
, γ =
√
η
2β
− Λ
2ζ
. (11)
This solution is new, though very similar to those previously known, asymptotically equiv-
alent to the black hole in the Einstein static universe. So a class of solutions governed by
(9) is vast and not limited to asymptotically de Sitter spacetimes.
Many crucial space-time properties are specifically related h(r) and by using this metric
function we can pose bounds on a wide class of solutions. The most of the bounds we
will obtain rely on the observational data, so they would apply to the solutions possessing
correct asymptotic behavior. Such explicitly written down solutions are nowadays (7) and
(10) displayed above. However new solutions of this branch can be constructed along the
guidelines presented in [10]. The goal of this paper is to threat this solutions as a class and
withdraw some general conclusions. So in what follows we will use the metric in the form
(9), assuming that the results apply to any solution of that kind.
5
III. PARAMETER ESTIMATES
Let us first briefly review the constraints on the parameters of the non-minimal derivative
coupling sector of Horndeski theory, determined elsewhere. The metrics from [14] were
widely discussed in the literature [19–21]. First of all, the effective gravitational constant
for the action (1) according to [22] can be expressed as
|G˙/G| =
∣∣∣∣∣∣ − 3βX˙ζ + 3βX
∣∣∣∣∣∣ , X ≡ −12∂µφ∂µφ (12)
where the dot denotes the time derivative. Since according to (5) X˙ = 0 we have |G˙/G| = 0
in perfect agreement with GR.
One should keep in mind that for the model in question the spin-0 degree of freedom also
acquires dynamics via the kinetic mixing with the spin-2 graviton. Therefore the condition
for the solution to be ghost-free does not just boil down to the “right” kinetic term sign.
See e.g. [23], where a Galileon model has been shown to be stable on cosmological solutions
for the unusual sign of the standard kinetic term.
Minamitsuji [24] investigated the stability of BH solutions under massless scalar per-
turbations in the nonminimal derivative coupling subclass. The quasinormal modes can be
computed, and no unstable modes were found. Considering the same BH solutions, Cisterna
et al. [25] found that these black holes are stable under odd-parity gravitational perturba-
tions as well. The stability conditions of hairy black holes in the non-minimal derivative
coupling sector can be extracted from [21], keeping in mind that X 6= Const due to the
radial dependence of the scalar field.
Let us turn to the particular black hole spacetime. One of the simplest requirements
that can be imposed on the black hole metric is the presence of an event horizon. For the
Schwarzshild — de Sitter spacetime this would require for the cubic rh(r) of (7) to have
three real roots, which happens whenever A ∈ (−4/27µ2, 0). Applied to the SgrA*[27] black
hole this requirement would state |η/β| < 4.5× 10−21.
Another demand is that the metric should admit bound orbits, which may in general not
be the case for a Schwarzshild — de Sitter kind of spacetime. According to the results of
[26] this would correspond to |η/β| < 16/1875µ2 or for SgrA* to |η/β| < 8.5× 10−23.
We can also consider weak-field observations. One of the well-studied gravitational effects
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is the frequency shift for the satellite on the Earth orbit
δν
ν
= 1−
√√√√h(R + d)
h(R)
≈
V (R + d)− V (R)
c2
, (13)
up to the first order in the weak field approximation with d being the satellite orbit height
and R - the Earth surface radius, V - the corresponding gravitational potential. For the
metric (9) there should be an additional shift, related to the deviation of h(r) from the
Schwarzshild solution
2
δν
ν
≈ δSchw + δ1 + δ2 = µ
R
−
µ
R + d
+ A((R + d)2 −R2) + (∆(R + d)−∆(R)) . (14)
Modern frequency measurements are in agreement with GR, hence we can make bounds using
the frequency measurement accuracy 10−14 achieved in the GP–A redshift experiment[29]
[28]. Numerical estimates show that δ1 does not exceed the accuracy of the relative frequency
measurement when
A < 2.4× 10−29. (15)
This estimate allows us to set A ≈ 0 when considering accretion and null geodesics for the
Sgr A* black hole or any smaller one since the conditions Ar2 << µ/r and Ar2 << ∆ are
well satisfied within the corresponding 100rSchw distance. This agrees well with the fact that
the expansion of the universe is not known to manifest itself in the Solar System. So, we
may neglect the de Sitter term on astronomical scales and the metric can be considered in
the form
h(r) = C − µ
r
+ ∆. (16)
Let’s see how this bounds would affect the known solutions. Take the approximately
Schwarzshild - de Sitter solution (10) as an example. The solution is valid for y/ζ ∈
(−1, 1/3). The second multiplier in γ is of order unity except the special case ζ ≈ 3y.
Hence, excluding this fine tuned case we can see that γ ∼√|A|. So we can further suggest
that due to the smallness of γ, arctan(rγ) ≈ rγ and hence
∆ ≈ B, (17)
h(r) = (C +B)− µ
r
. (18)
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This is a spacetime of a black hole with a global monopole (up to the difference in f(r)). This
kind of black hole was previously studied in the literature for flat and de Sitter spacetime,
revealing the expressions for the deflection angle [30], perihelion precession [31] and accretion
disc radiant energy flux [32]. Note that the global monopole black hole metric displays the
solid angle deficit. We further use the equation (3) to define f with respect to (9) and
neglect terms ∼ Ar2 to keep our approximation. This would imply
f(r) ≈
h(r)
B + C
. (19)
For the global monopole case this would mean that the area of the sphere is restored while
h is ambiguous by the constant time rescaling. We will further use (16) as well as (18) to
study geodesic motion and withdraw some conclusions.
Just to confirm again that the metric structure (9) of the solution above is a common
one and does generally not rely the smallness of , consider the solution from [14]:
C = 1, A =
γ2
3
ζ − y
3ζ + y
,B =
(ζ + y)2
4ζ2 − (ζ + y)2 , γ =
√
η/3β, (20)
where obviously γ ∼ √A analogously to the case above. Hence the approximations made
due to the constraint above are of general order.
IV. GEODESIC MOTION
Geodesic equation for the radial coordinate reads(
dr
dϕ
)2
= f(r)P (r), (21)
P (r) =
E2 − jh(r)
h(r)
 r4
L2
− r2, (22)
where j = 0 for massless particles and j = 1 for the massive ones, E and L are the energy
and momentum of the test particle per it’s unit mass respectively. We will further use the
inverse radius u = r−1 as it is usually done. Working with geodesics we are beyond the
black hole horizon and hence h(u) 6= 0 (and f(u) 6= 0). Therefore we can write (21) for the
circular orbits as
P (u) = 0, (23)
P ′(u) = 0. (24)
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We set E2 < 1 for the bound orbits and the prime denotes the derivative with respect to
the radial coordinate. Note that the circular orbits are thus determined solely by h(r).
Substituting (9) into (16) we obtain
µu3 − Cu2 + µ
L2
u− C − E
2
L2
−∆
(
u2 +
1
L2
)
= 0, (25)
3µu2 − 2Cu+ µ
L2
−∆′
(
u2 +
1
L2
)
− 2u∆ = 0. (26)
One can simplify ∆′ if we recall that γ2/u2 ≡ γ2r2 ∼ Ar2, and neglect this term. We now
extract ∆ from (25) and substitute into (26):
− (B + C)L4u4 + (3E2 − 2(B + c))L2u2 + E2 − (B + C)
(3L2u2 + 1)L2
= 0 (27)
Solving the above results in the following expression for the circular geodesics
u± =
√
2(3E˜2 − 2± 2
√
9E˜4 − 8E˜2)
2L
, (28)
E˜ = E/
√
B + C (29)
The plus sign denotes the stable orbit and minus — the unstable one, corresponding to the
stationary points of the effective potential. Note that A 6= 0 would rise the order of (27) to
six, adding one root being just one more unstable circular orbit. We see that circular orbits
for massive particles are available when E2 ≥ 8(B+C)/9. But the bound circular orbit has
to obey E2 < 1, hence
0 < (B + C) <
9
8
. (30)
At this point we would like to digress for a moment to demonstrate how the results obtained
above could be applied. Circular orbits represent a narrow subclass of relativistic bound
orbits. But with circular orbits being forbidden, all of the bound orbits are eliminated. This
leaves us only with the trajectories, ending up in the black hole singularity, which would be
a highly pathological behavior contradicting to the black hole accretion [33, 34] and Solar
System observations. This means that the requirement (30) can be used as a criterion to pick
viable solutions (or at least parameter ranges). Consider (just for example) the metric (20).
For a negligible value of Λ we can immediately obtain B = 1/3 and circular geodesics would
be impossible, (30) requires Λ < 0, approximately Λ < −17ζγ/2. This is an interesting
9
FIG. 1. Energy and angular momentum for the test particle on the circular orbit with µ = 1, C =
1, γ = 10−14. The solid line corresponds to B = 0, the dashed one to B = 1/10. The allowed
energy range squeezes as (B + C) grows.
feature since q = 0 for this metric. This might indicate that q 6= 0 might yet be a crucial
feature to get healthy black holes.
We now proceed with circular orbits. Whereas (28) looks like the classical expression for
the circular orbit, the energy and momentum
L2 =
µu+B −∆(u)
u2(−3µu−B + 2C + 3∆(u)), (31)
E2 =
2h(u)2
−3µu−B + 2C + 3∆(u)), (32)
differ for the same radius, as one can see from the fig. 1. The corresponding energy on
the circular orbit grows with (B + C), while the moment decreases. One can also see from
the fig. 1 that the allowed energy range squeezes as (B + C) grows. The radius r of the
circular orbit for the same E and L would decrease with rising B+C and vice versa (see fig.
2). The innermost stable circular orbit can be evaluated exactly for the global monopole
approximation giving[? ]
E2ISCO =
8(B + C)
9
, uISCO =
(B + C)
3µ
, L2ISCO =
3µ2
(B + C)2
. (33)
All the above could potentially affect the observable characteristics of a black hole entourage.
In astrophysics the particles, orbiting a black hole can be detected due to the emitted
radiation when they form an accretion disc. Consider the accretion disc made from particles
10
FIG. 2. Left: Radiant flux of an accretion disc surrounding a black holeµ = 1, C = 1, γ = 10−14,
free parameter counts B = 1/9, 0,−0.1 upside down. Right: The radius r of the circular orbit for
the fixed E and L vs. B.
moving on circular orbits, spiraling on the black hole very slowly. The energy flux of such a
disc reads [35]
K = −
M0
4pi
√−detg
ω,r
(E − ωL)2
∫ r
rISCO
(E − ωL)L,rdr, (34)
ω =
√
µr +Br2 −∆(r)r2
√
2
, (35)
where ω is the angular velocity of the particle on the circular orbit and E and L are given by
(31)-(32). The result is plotted in the figure 2 for different values of B+C. The radiant flux
is evidently affected by the correction terms, so that combining the data on the ISCO and
the flux one could distinguish the given black hole (provided a good study of the accretion
disc). For the global monopole approximation the analytical expression for the flux can be
found in [32], however the direct observational verification by means of the accretion disc
properties is probably the matter of the distant future.
There are also results for the monopole approximation obtained elsewhere that can be
reinterpreted to pose some bounds on (C + B). Paper [31] contains the the light deflection
angle formula for the global monopole which in our case would be
δϕ ≈
2µ
(C +B)3/2R0
. (36)
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Given the current measurement accuracy we could put bounds on (C +B). The paper [36]
based on a number of VLBI measurements of angular separations of strong quasistellar radio
sources passing very close to the Sun, claims a good agreement of the observations with the
GR. The reported relative error in the deflection angle is 6.2× 10−4, which would imply
|1− (C +B)| < 3× 10−4. (37)
Note that a test particle would also have a different perihelion precession in the global
monopole spacetime,
δφ ≈
3piµ
a(C +B)(1− e2). (38)
However since the accuracy of the perihelion precession data is of order of 10−3, the corre-
sponding bound would be one order of magnitude weaker than (37). The perihelion preces-
sion could be used as an observational indicator in the future, when a detailed knowledge
of the galaxy center enviroment would be available. The precise ephemerides of the S-stars
could then provide a good test of the black hole nature.
V. DISCUSSION AND CONCLUSIONS
Departing from GR we are left aside of the Birkhoff’s theorem. Black hole solutions
in non-minimal derivative coupling sector of Horndeski/Galoleon scalar-tensor gravity, a
viable extended gravity theory candidate, suffer under this ambiguity. In this situation we
are forced to choose between multiple spherically symmetric vacua and therefore some hints
on how to determine the realistic solution would come in handy.
In this paper we analyzed the asymptotically de Sitter branch of static spherically sym-
metric solutions in Horndeski/Galileon non-minimal derivative coupling framework. Our
analysis revealed that their observational characteristics may differ from those of the GR
Schwarzshild solution substantially. To suppress such deviations several bounds are in order.
For (B + C) < 0 or (B + C) > 9/8 bound orbits could not occur in the metric of the form
(9). However to match the observations of the gravitational light deflection and perihelion
precession we must demand 1 − (C + B) < 3 × 10−4 which guarantees that the bounds
orbits are allowed for (B + C) > 0. From the frequency shift measurements we extract the
bound on the de Sitter term |η/β| < 7.2 × 10−29. The structure of the accretion disc will
be altered as well, caused by the change in the innermost stable orbit, particle energy and
12
momentum, and, henceforth, the radiant energy flux. This might be a useful indicator for
the observations in the far future.
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